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An exact solution of the fundamental exterior mixed problem with a circular
line of separation of the boundary conditions for a transversely isotropic half~
space is proposed, The interior fundamental mixed problem for an isotropic
half-space has been examined in [1, 2].

1, Let us consider a transversely isotropic half-space z 2> 0 whose planes of isotro-
py are parallel to the boundary. We understand the problem with the following condi-
tions on the boundary z = (:

G, =0 (pv (P)v Tox = Tox (P, f?)
Ty = Ty (P, P) P < a)
w=wp, ¢ U= Us (P, P)
uy =uy(p, 9 (p>a

to be the exterior fundamental mixed problem,

We introduce the complex tangential displacements u == u, - iy, and shear swes-
ses T = Tpx -+ iy, T == Ty — iTy,. If the requirement of decomposability in Four-
ier series in the angular coordinate is imposed on the given and desired functions, then
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by using the method in [3] we reduce the problem of determining the stresses outside
the circle P > a to the infinite system of integral equations (1,1)
e dz SGlszrml (s} + G2 {2n2® — (2n + 1) 5%} T-n+1 {s)
(3 § 22 Y 2 — gt J Vo—s

oo

s'ds — (1,1)
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The constants &, f, v;, vy, H are determined by the elastic characteristics of the
material of the half-space [3], The complex functions ¥, and @, are known from
the condition of the problem, The quantities U,, o}, T, are coefficients of the Fourier
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series expansions of the corresponding functions in the angular coordinate, The axisym-
metric exterior problem corresponds to n = 0. Its detailed solution is presented in [41,

2., Without limiting the generality, the first two equations in (1.1) can be considered
homogeneous, Indeed, because of the linearity of the equations, this can be achieved by
making the third equation complicated, The solution of the system (1,1) can then be

sought as ) PTIN
Cn (S) = J_qn (S) = " S FVL%——_-_'—;E (2, 1)
$

d ¢ ds d ¢ T,
C > dz .
— an L,
T (8) = s ds s 2" dz MY e +
a a
D H
_n i g2n ...._..._..d_z_.—u.-—-
K ds LA V % — a

Here f, is the desired complex stress function, ¢’ and D, are constants to be determ-
ined, Substituting (2,1) in the first two equations of (1, 1) satisfies them identically if
the following conditions are satisfied

o
TiT2

1) == 2) D,=—2n dt (2.2)
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{ o~ o]

Then we use the following integral which originates upon substituting (2, 1) into the third
of equations (1,1)

o0 o0
*
t2n+1 Via — 5 P

&) g sT1 gy S df, () = S [sz —a* Yt —a*Qu(x, t) +

L,(z,t)In

Vs Vi ] i

Vie—=1 | &

n
P id T'(n g — YT Mok t \2k
@ La@ )= 4 ké) 1‘((::1-/1 - kg T 21 ++k)) ("x‘)
Here (2, isan even polynomial in z, f, whose coefficients are determined by known
recursion relationships [5],

Let us divide both sides of the third equation in (1,1) by p”, let us differentiate with
respect to p, multiply the result by p**/ V p* — r* and integrate with respect to p
between r and oc. Use of the known properties of hypergeometric functions [5] permits
separating the integral equation Into singular and degenerate parts, The governing equa~-
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tion to determine f, is

A d ¢
“_V',z P S tf, (B dt o2 S f, () dt = % (7) (2.3)
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Since n > k, then R, is an even polynomial, and the integrals corresponding to the
degenerate part of the kernel are elementary functions for any . The exact solution
of (2, 3) is [4] 4 h 0
) =St XS Y () + Xt () Y ()] + AY () (2.9)

Here

o= {EE {0
Yc,s(t):-{c.l [om L]

0 = 1 Arth o (yy7.)")
where A, is an arbitrary constant which corresponds to the homogeneous solution of(2,3).
The magnitudes of the constants corresponding to the degenerate part of the kernel, as
well as A, and D, , are determined from the system of linear algebraic equations to
which the two conditions (2, 2) are added,
The formulated problem is solved in general form,

8, Let us consider an example, Within the circle p < ¢ a normal concentrated
force P is applied at a distance 4 from the center, We assume the exterior of the cir-
cle to be rigidly clamped, Let us determine the stresses in the framing, We have a prob=-
lem with boundary conditions on the boundary z = 0

Gz:Pﬁ(p_b)ﬁ(m'—O)’T:O P <a) (38.1)
u=w=0 (p>a)

For this case we determine

Fou(p) = PHab"p~1,  F_ .., =0 (3.2)
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Dn (p) = — S Pl e -—p‘l Y 2t — b2

Further computations are carried out separately for each harmonic, For example, for
n = 0 we obtain

> dfo(t) t 4 ¢ Ho (ty dt
Go(p) = \ == = — 2\ thihat (3.3)
éyfg“Pa p dp § ye_—p
o
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The results of calculating the first harmonic are
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It should be noted that the system of stresses in the clamped part is such that its prin=
cipal vector equals P exactly, This latter is easily shown by direct integration, If
b == 0, then the problem becomes axisymmetric and the unique nonzero stress function
is
2 chn@ Y, (B sh 2n0
fo) =4 { shad ¢ 2na@ (1 +chmg)t Y, (t)l}

For o = 0 the solution is expressed in elementary functions
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__ P VaE—b b \n _
Gﬂ(p)“‘“_ ;2_ V;_—-_ﬁ(pzwb*) (_p") ’ Tn—O

In the case of an isotropic body this latter holds for a Poisson’s ratio of one-half,
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Within the framework of the plane problem of the theory of elasticity, we,
consider the equilibrium of an elastic plane with thin different elastic inclu-
sions, situated along a straight line, We give the formulation of the boundary
value problems on the basis of the approach adopted from the theory of a thin
airfoil, We present an effective method for obtaining the exact solution ofa
general class of problems of the above indicated type, We analyze theeffect
of the inclusions on the strength and we formulate criteria for the initiation
of brittle fracture,

1, Formulation of the boundary value problem, In many materials
which represent a practical interest, we frequently encounter thin elastic inclusions of
a different material, Such are, for example, layers of graphite in cast iron, areas of oxi~
dized metal in alloys, layers of low strength clay or sand in tectonic faults, welds, etc,
The inclusions in the basic material lead to stress concentrations which affect essentially
the strength properties of the material as a whole,

We consider the deformation of an unbounded, elastic, homogeneous, isotropic space
with an arbitrary number of thin cylindrical inclusions of a different elastic material.
Let the plane zy be some cross section of these cylinders, We assume that each of
these inclusions has in the plane zy an axis of symmetry which coincides with the = -



